Group algebras with a unique C∗-norm  by Boidol, Joachim
JOURNAL OF FUNCTIONAL ANALYSIS 56, 220-232 (1984) 
Group Algebras with a Unique C*-Norm 
JOACHIM BOIDOL 
Fakultiil fiir Mathematik der Universitci’t Bielefeld, 
Uniuersitiitsstrasse 25, 48 Bielefeld 1, West Germany 
Communicated by A. Comes 
Received April 10, 1983 
Call a locally compact group G C*-unique, if L’(G) has exactly one (separating) 
C*-norm. It is easy to see that a *-regular group G is C*-unique and that a C*- 
unique group is amenable. For connected groups G it is proved that G is C*- 
unique, if the interior R(G)’ of a certain part R(G) of Prim(G), called the regular 
part of Prim(G), is dense in Prim(G), and that C*-uniqueness of G implies the 
density of R(G) in Prim(G). From this it is derived that a connected group of type I 
is C*-unique if and only if R(G)’ is dense in Prim(G). For exponential G, a quite 
explicit version of this result in terms of the Lie algebra of G is given. As an easy 
consequence, examples of amenable groups, which are not C*-unique, and C*- 
unique groups, which are not *-regular are obtained. Furthermore it is shown that a 
connected locally compact group G is amenable if and only if L’(G) has exactly 
one C*-norm, which is invariant under the isometric *-automorphisms of L’(G). 
Let G be a locally compact group. Then L’(G) is a *-semisimple 
involutive Banach algebra. Let I/ II* be the maximal C*-norm on L I(G). The 
completion of L’ with respect to 11 II* is the C*-algebra C*(G) of G. 
DEFINITION. A locally compact group G is called C*-unique, if /I I/* is 
the only separating C*-norm on L’(G). 
It is easy to see that G is C*-unique, if and only if every faithful *- 
representation 7~ of L’(G) is the restriction of a faithful *-representation Z* 
of C*(G). 
Let Prim(G) be the space of primitive ideals of C*(G) and let 
Prim,L’(G) be the space of kernels of topological irreducible *- 
representations of L’(G) in Hilbert spaces, both equipped with the Jacobson 
topology. We have a canonical mapping E Prim(G) + Prim, L ‘(G), which 
is continuous and surjective. Accordig to [2] G is called *-regular, if Y is a 
homeomorphism. It is easy to see that *-regular groups are C*-unique (see 
Satz 1 in [ I]) and that C*-unique groups are amenable. 
In this article we try to approach a characterization of C*-unique 
connected locally compact groups in terms of properties of a certain part 
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R(G) of Prim(G). For the definition of R(G) and the formulation of the main 
results we need some preparation. 
Let L = (G, G)- be the closure of the commutator group of G, and let 
X(G) be the group of continuous unitary characters of G. Observe that the 
pointwise multiplication of a continuous unitary character with an L ‘- 
function defines a canonical action of X(G) on L’(G), which can be extended 
to an action of X(G) on C*(G) by isometric automorphisms. For 
I = kern X* E Prim(G) we define 
X(G), = ix E X(G) Ix1 = 11, M, = fl kern, x, 
XEX(G), 
K, = kern, TI. 
Clearly M, and K, are closed normal subgroups of G such that K, c M,. We 
recall from [ 3 1 that I E Prim(G) is called polwomiaflvy induced, if M,/K, has 
polynomial growth. 
DEFINITION. The set of polynomially induced primitive ideals in C’*(G) 
is called the regular part of Prim(G) and is denoted by R(G). 
It has been shown in [3] that a connected group G is *-regular, if and 
only if R(G) = Prim(G). A first step towards the classification of C*-unique 
connected groups is 
THEOREM A. Let G be a connected locally compact group. 
(i) If the interior R(G)’ of the regular part R(G) of’ Prim(G) is dense 
in Prim(G), then G is C*-unique. 
(ii) Zf G is C*-unique, then R(G) is dense in Prim(G). 
To obtain a characterization of connected C”-unique groups, we may 
study conditions, which allow us to deduce the density of R(G)” in Prim(G) 
from the density of R(G) in Prim(G). Such a condition is given in Section 3. 
We say that a point x E Prim(G) is locally separated, if it has a 
neighborhood 7’. with the following property: Whenever y E 7 is not in the 
closure of (x), then x and y have disjoint open neighborhoods. Let S(G) be 
the set of all locally separated points in Prim(G). We prove in Section 3 that 
the density of R(G)’ follows from the density of R(G), whenever S(G) 
contains a dense open subset of Prim(G). Since this holds for groups of type 
I, we obtain in Section 4 the following characterization of C*-unique 
connected groups of type I. 
THEOREM B. Let G be a connected group of type 1. Then G is C*-unique 
if and on/J’ if the interior R(G)’ of the regular part R(G) of Prim(G) is dense 
in Prim(G). 
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For exponential Lie groups G = exp 9 we derive a more explicit form of 
Theorem B and use this to show that there are exactly three exponential Lie 
groups G = exp 9 with dim 3 < 5, which are not C*-unique. This proves that 
the class of C*-unique groups is strictly contained in the class of amenable 
groups and that it strictly contains the class of *-regular groups. This gives 
some motivation to study properties of C*-norms on L l(G), which are 
weaker than C*-uniqueness, but which still imply amenability. We call a C*- 
norm 11 11 on L’(G) natural if it is invariant under all isometric *- 
automorphisms of L’(G). Furthermore G is called weakly C*-unique if jl /I* 
is the only natural C*-norm on L l(G). In Section 5 we prove 
THEOREM C. Every C*-unique group is weakly C*-unique and every 
weakly C*-unique group is amenable. Furthermore a connected locally 
compact group G is weakly C*-unique if and only if it is amenable. 
Our results suggest the following two problems: 
PROBLEM 1. Let G be a connected locally compact group. Does the set 
of locally separated points in Prim(G) always contain an open and dense 
subset of Prim(G)? 
PROBLEM 2. Is every amenable group weakly C*-unique? 
Positive answers to these problems would give a characterization of 
connected C*-unique groups and a characterization of amenable groups in 
terms of their group algebras. 
1. GENERAL REMARKS 
Let A be a *-semisimple involutive Banach algebra with maximal C*- 
norm 11 II* and C*-hull C*(A). 
DEFINITION. The algebra A is called C*-unique, if II I(+. is the only C*- 
norm on A. 
It is well known that every nondegenerate *-representation rr of A can be 
extended in a unique way to a * -representation n, of C*(A). Furthermore it 
is easy to see that A is C*-unique if and only if the extension of every 
faithful, non degenerate *-representation of A is a faithful *-representation of 
C*(A). 
Let Prim C*(A) be the space of primitive ideals of C*(A) and let Prim, A 
be the space of kernels of topological irreducible *-representations of A in 
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Hilbert spaces, both equipped with the Jacobson topology. We have a 
canonical mapping 
Y: Prim C*(A) --f Prim,A; Y(I) = InA. 
which is continuous and surjective. According to [2], A is called *-regular, if 
Y is a homeomorphism. It follows from Satz 1 in 111, that a *-regular 
involutive Banach algebra is C*-unique. 
For arbitrary A we consider sets U c Prim,A, which have the following 
properties: 
(i) U is open in Prim,A, 
(ii) Y induces a homeomorphism from Y ‘(U) onto c’. 
Then it is clear that there exists a unique maximal subset p of Prim,A with 
properties (i) and (ii). Let p* = Y-‘(p) be its pre-image in Prim C*(A). 
PROPOSITION 1. Let A be an involutive *-semisimple Banach algebra. 
Then the following conditions are equivalent: 
(i) A is C*-unique, 
(ii) D is a dense subset of Prim C*(A) fand on!v if Y(D) is dense in 
Prim, A. 
Furthermore if& is dense in Prim C*(A), then A is C* - unique. 
Prooj: (i) 3 (ii) Assume that A is C*-unique and that D is a subset ot 
Prim C*(A) such that Y(D) is dense in Prim,A. Then the direct sum of all 
irreducible * -representations of C*(A) with kernels in D is faithful on A and 
by CQniqueness faithful on C*(A). But this means that n,,,) I = (O} and 
we obtain that D is dense in Prim C*(A). 
(ii) * (i) Assume that D is dense in Prim C*(A) whenever Y(D) is 
dense in Prim,A. Let 71 be a faithful, nondegenerate *-representation of A 
and let rr* be its extension to C*(A). Let D be the support of rr:, in 
Prim C*(A), i.e., D = {I E Prim C*(A) 1 kern rc* c I). Then Y(D) is dense in 
Prim, A and by assumption D is dense in Prim C*(A). This implies that 7~~ 
is a faithful representation of C*(A) and that A is C*-unique. Asume now 
that p* is dense in Prim C*(A). Let D be a subset of Prim C*(A) such that 
Y(D) is dense in Prim,A. Then Y(D) f’~ (TI is dense in p. Since Y is a 
homeomorphism from c”r* = Y-i(e) onto P, we obtain that 
Y ‘(Y(D) n F) = D n (“1”* is dense in @*. This implies that D is dense in 
Prim C*(A). 
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2. THE CASE OF GROUP ALGEBRAS 
Let G be a locally compact group and let L’(G) be the *-semisimple 
involutive Banach algebra of absolutely integrable functions on G. 
DEFINITION. A locally compact group G is called C*-unique (resp. *- 
regular), if L’(G) is C*-unique (resp. *-regular). 
PROPOSITION 2. Every *-regular group G is C*-unique and every C*- 
unique group G is amenable. 
ProoJ Every *-regular group is C*-unique by Proposition 1. Assume 
that G is C*-unique. Since the left regular representation of L’(G) on L2(G) 
is faithful, its extension 1, to C*(G) is also faithful. This implies that 2 
contains weakly the trivial representation of G. But by [9, Theorem 3.5.21, 
this is equivalent to the amenability of G. 
Proposition 2 implies that groups with polynomial growth, semidirect 
products of abelian groups and connected metabelian groups are C*-unique, 
since such groups are *-regular by [ 1,4]. On the other hand noncompact 
semisimple Lie groups are not C*-unique because they are not amenable. 
For the rest of this section we assume that G is connected. Let 
L = (G, G)- be the closure of the commutator group of G and let X(G) be 
the group of unitary characters of G. Then the pointwise multiplication of a 
unitary character and a function in L’(G) defines an action of X(G) on 
L l(G), which extends to an action on C*(G) be automorphisms. For an ideal 
1 E Prim(G) = Prim C*(G) take rc E c;‘ such that I = kern n,. Let 
X(G), = {x E X(G) IXI = II, MI = n kerncx, 
XEX(G)I 
K, = kern, rt. 
Then MI and K, are closed normal subgroups of G such that K, c M, and we 
can form the quotient group Q, = M,/K,. 
DEFINITION. According to [3] an ideal 1~ Prim(G) is called 
polynomially induced, if Q, has polynomial growth. Let R(G) be the set of all 
polynomially induced primitive ideals in C*(G). R(G) is called the regular 
part of Prim C*(G). 
In [3] it has been proved, that a connected group G is *-regular, if and 
only if all I E Prim(G) are polynomially induced, i.e., if R(G) = Prim(G). 
By Proposition 2 the characterization of the C*-unique connected 
amenable groups will give a characterization of the C*-unique connected 
groups. It is well known that a connected amenable group is a compact 
extension of a connected solvable group. 
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PROPOSITION 3. Let G be a connected amenable group. Then 
L = (G, G)- has polynomial growth. 
Proof. Assume first that G is a connected Lie group with Lie algebra 9. 
Let et be the nilradical of y and let 4 = [y, a 1 + M. It is proved in [ 7 1, 
Section 1, that the analytic subgroup H of G, corresponding to R, is closed 
and contains L. Furthermore by 17, 1.71, the radical of H is nilpotent. If 
now G is amenable, then also H is amenable. Therefore H is a compact 
extension of its nilpotent radical and H has polynomial growth by [ 10. 
Theorem 1.41. But then also L as a closed subgroup of H has polynomial 
growth. 
Let G be a connected group and let G/K be a Lie quotient of G modulo a 
compact normal subgroup K. The image of LK in G/K is the commutator of 
the connected amenable Lie group G/K, hence has polynomial growth. But 
then also LK and L have polynomial growth. 
LEMMA. Let G be a connected amenable group. Let I and I’ be two 
primitive ideals in C*(G) such that I is polynomially induced. Then 
Y(I) = Y(I’) implies I = I’. 
Proof. As in the proof of Theorem 1 in [ 3 1 we see that Y(I) = Y(I’ ) 
implies I c I’. Therefore we can assume that Z and I’ live on a connected 
and simply connected amenable Lie group G. Assume that I # I’. Then by 
[ 12, Sect. 3 1. there exists a closed, two-sided ideal J of Prim C*(G), which is 
the kernel of an induced representation ind: 71, such that I # .I + I c I’. Now 
Y(I) = Y(I’) implies .Zn L’(G) c In L’(G). Since L has polynomial 
growth. it follows as in the proof of Theorem 1 in [ 3 1 that J c I. This implies 
I = I’. 
PROPOSITION 4. Let G be a connected amenable group. Let R(G) be the 
regular part of Prim(G) and let R(G)” be the interior of R(G). Then we have 
R(G)’ = p*. 
Proof: Let C= Prim(G)\R(G)‘. Then by the lemma we have 
U’(C)n Y(R(G)“) = 0. This implies Y-‘(Y(R(G)‘)) = R(G)‘. Let 71 be a 
unitary representation of G, which has support C. Then z and x @ 7c have the 
same support for all x E X(G), because C is invariant under the action of 
X(G). This implies that ind:n,, has also support C. Assume that 
I E Prim(G) such that Y(I) E Y(C). Then kern,,,,., ind:n,, c Zn L’(G). 
Since L has polynomial growth, we obtain as in the previous lemma that I is 
in the support of ind: ziL, which means that I E C. This proves that Y(C) is 
closed in Prim, L’(G) and that Y(R(G)‘) is open in Prim,L’(G). It follows 
now from [ 3, Proposition 2, Corollary 11, that Yz R(G)‘--) Y(R(G)‘) is a 
homeomorphism. This proves that R(G)’ c r”*. Furthermore it is proved in 
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[3, Sect. 41, that points in Prim(G)\R(G) d o not have neighborhoods % such 
that Y 9 + Y(g) is a homeomorphism. Therefore @* c R(G). Since @? is 
open in Prim(G), we obtain @* = R(G)‘. 
PROPOSITION 5. Let G be a connected amenable Lie group. If G is C*- 
unique, then R(G) is dense in Prim(G). 
Proof. Let 9 be a countable basis of the topology of Prim(G) and let 
I E Prim(G)\R(G). Then by Section 4 of [3] and the proof of Theorem 2 in 
[3], there exists an open set % E 9 such that I & % but Z E Yy- ‘(Y(g)). 
Let M”= % U (Prim(G)\ Y-‘(Y(g))). Then pi/# is open in Prim(G) and 
I@??+‘. Furthermore Y(g) = Y(Y-‘(Y(g)) and Y(%/ = Y(g) U 
Y(Prim(G)\Y-‘(Y(g))) = Y(Y-‘(m)U Y(Prim(G)\Y-‘(Y(g))) = 
Y(Prim(G)). This proves that Y(g#) is dense in Prim,L’(G). Since G is 
C*-unique, we obtain from Proposition 1 that %# is open and dense in 
Prim(G). Furthermore n IYEg %‘# is contained in R(G). Since Prim(G) is a 
Baire space [6, 3.4.131, we obtain that nrussg# is dense in Prim(G). But 
then R(G) is dense in Prim(G). 
LEMMA. Let G be a connected group. If R(G) is dense in Prim(G), then 
G is amenable. 
ProoJ: Let G/K be a Lie quotient of G modulo a compact normal 
subgroup. Then Prim(G/K) can be considered as an open subset of Prim(G), 
and we obtain that R(G)n Prim(G/K) is dense in Prim(G/K). Therefore we 
may assume that G is a connected Lie group with Lie algebra 9. 
Let G” be the simply connected covering group of G. If I E R(G), then 
1-E R(G”), where I” is the primitive ideal in Prim(G”), which corresponds 
to I. Since I” E R(G”), we obtain that G “/K,, and G-/K:- are amenable, 
where KF- is the connected component of the identity of K,-. Let a be the 
ideal of 9, which is generated by the noncompact semisimple subalgebras of 
8, and let A be the corresponding analytic subgroup of G: Then A c KFw for 
all 1E R(G). Since R(G) is dense in Prim(G), we obtain 
A = nlpRfGj K1- = 2, when Z is the kernel of the covering homomorphism 
o: G”+ G. This implies that A is trivial and that 9 has cocompact radical. 
But then G has to be amenable. 
THEOREM 1. Let G be a connected locally compact group. 
(i) ZfR(G)’ is dense in Prim(G), then G is C*-unique. 
(ii) If G is C*-unique, then R(G) is dense in Prim(G). 
Proof. (i) If R(G)’ is dense in Prim(G), then G is amenable by the 
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preceeding lemma. From Proposition 4 we obtain R(G)’ = /“*. It follows 
from Proposition 1 that G is C*-unique. 
(ii) If G is C*-unique, then G is amenable by Proposition 2. It is easy 
to see that all Lie quotients G/K of G modulo a compact normal subgroup K 
are also C*-unique. From Proposition 5 we obtain that R(G/K) is dense in 
Prim(G/K) for all K. But then R(G) = U, R(G/K) is dense in Prim(G). 
3. SEPARATED POINTS IN Prim(G) 
Let X be a topological space. A point x E X is called separated in A’. if the 
following holds: For every point y E X, which is not in the closure of {sl. 
there exist disjoint neighborhoods of x and I’. We say that a point x E X is 
locally separated, if it is separated in an open neighborhood of x. 
Assume that x E X is locally closed in X and also locally separated. Then 
there exists an open neighborhood 7 of x such that x is closed and 
separated in 7 ‘. This implies that for all points J E 7 . J # x, there exist 
disjoint neighborhoods of x and y. 
Let G be a connected locally compact group. By a theorem of Moore and 
Rosenberg (see [ 12, Theorem 1 I), all points in Prim(G) are locally closed. 
Therefore every locally separated I E Prim(G) has an open neighborhood 7 
such that I is closed and separated in ?’ ‘. 
PROPOSITION 6. Let G be a connected group and let I E Prim(G) be 
IocallJl separated in Prim(G). Then I E R(G) implies I E R(G). 
Proof. Similar arguments as in the proof of the lemma before Theorem 1 
show that it is sufficient to prove the proposition for connected amenable Lie 
groups G. In this situation according to Proposition 2 in 13 ] there exists for 
every J E R(G) a pair of closed, connected normal subgroups (M.7, K,:) of 
the universal covering group G- of G with the following properties: 
(i) M~xMM,xKK;~K~, where My and K; denote the closed normal 
subgroups of G- corresponding to MJ and K,, : 
(ii) My/K: ha s polynomial growth; 
(iii) R(G) decomposes into finitely many subsets Sj, such that the 
map J --t (MF. K,#) is constant on Si. 
If we have I E R(G) = lJj &, then there exists a sequence (J,}, in some S;. 
say So. converging to I. As K,#= K,“, for all J E So, we obtain Kzj c KJz for 
all n. This implies Kz, c K;. 
Let 7’ be an open neighborhood of I in Prim(G) such that I is closed and 
separated in 7 ‘. Considering MJ”, as a closed normal subgroup of G we form 
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the set ‘3Y= {x E X(G) / x(MyO) = 1, ~1 E Y}. w is an open neighborhood of 
the identity in the connected group (G/M:)-. For x E V we have xJ, = J, 
for all n, and we obtain I = lim J, and XI = lim xJ, = lim J,. By the 
definition of 7” and 7Y; Z#x1 is impossible, because in this case I ad x1 
have disjoint neighborhoods. It follows that x1 = I for all x E V”. But then 
we have also xl = I for all x E lJ,“= i 33’“” = (GjlMTJ*. This implies 
M;cM,#g hence MI/K, % My/K; is a subquotient of M,#O/KfO. Therefore 
M,/K, has polynomial growth and I is in the regular part R(G) of Prim(G). 
THEOREM 2. Let G be a connected locally compact group such that the 
set S(G) of locally separated points in Prim(G) contains an open and dense 
subset of Prim(G). Then G is C*-unique tf and only tf the interior R(G)’ of 
the regular part R(G) of Prim(G) is dense in Prim(G). 
Proof. If R(G)’ is dense in Prim(G), then G is C*-unique by Theorem 1. 
Assume that G is C*-unique. Then by Theorem 1 R(G) is dense in Prim(G). 
By Proposition 6 R(G) contains the set S(G) of locally separated points in 
Prim(G). Since by assumption S(G) contains an open and dense subset of 
Prim(G), we obtain that R(G)’ is dense in Prim(G). 
Remark. Seperated points in the dual of C*-algebras have been 
considered by Dixmier in [S]. Theorem 2 gives new motivation to study the 
following problem, which was already discussed in [S]: When does the set of 
locally separated points in Prim(G) contain an open and dense subset of 
Prim(G)? In [S] D ixmier proved that the set of separated points of Prim A is 
a dense G,-set of Prim A, whenever A is a separable C*-algebra. 
4. SPECIAL CASES 
Let B be a C*-algebra of type I. Then the canonical mapping 
r: i + Prim B, which associates to each irreducible *-representation of B its 
kernel in B, is a bijection. Furthermore by [6, 4.4.51, Prim B contains a 
dense open Hausdorff subset 9. It is clear that every open Hausdorff subset 
of Prim B is contained in the set of locally separated points of Prim B. This 
gives the following special case of Theorem 2, which is may be the most 
important result of this paper: 
THEOREM 3. A connected group G of type I is C*-unique, if and only if 
the interior R(G)’ of the regular part R(G) of Prim(G) is dense in Prim(G). 
Now let G be an exponential solvable Lie group. This means that G is a 
solvable Lie group with Lie algebra 9 such that exp: +G is a 
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diffeomorphism. One knows from [ 141 that G is of type I, and we may apply 
Theorem 3 in order to characterize the C*-unique exponential Lie groups. 
Let y* be the real ,dual of 9 and let y*/Ad*(G) be the orbit space of the 
coadjoint action of G on 9*. Then one has a canonical bijection 
k: y*/Ad*(G) + d z Prim(G). Furthermore it is proved in [ Il. 
Proposition 4.3 1, that !Rz Prim(G) + Prim, L’(G) with Y(I) = In L’(G) is a 
bijection for exponential G. We consider a * and y */Ad*(G) as topological 
spaces with their natural topologies. By [ 13, Proposition 2 I. k is continuous. 
and we obtain the following chain of continuous bijections: 
g*/Ad*(G)% d g Prim(G) 3 Prim,L’(G). 
ForfE y* we wtg(f)= FEY lf(lK~l)=Ol. LetNf)=gU)+ ly,~/l 
and m(f)” = (Jr==, gkrn(f), where V”km(fl is the kth term in the 
descending central series of m(f). As it has been shown in the remark at the 
end of [3 1, a primitive idea1 I corresponding to fE ;J* is polynomially 
induced if and only iff(m(f)“) = 0. 
DEFINITION. The set R(a*) = {fE y* If(m(f)“‘) = O} is called the 
regular part of I*. 
It follows from the proof of the theorem in 121, that a subset S c R(G) is 
dense in Prim(G) if and only if the corresponding set of Ad*(G)-orbits is 
dense in Y*/Ad*(G). Furthermore observe that the set R(g*) is saturated in 
the following sense: If fE R(g*) and h E p* such that h([g, 91) = 0, then 
h +fE R(,*). Then also g*\R(g*) is saturated and one shows as in the 
proof of the theorem in [2] that k(g*\Ro) = Prim(G)\R(G). This shows 
that the interior of R( a*) corresponds to the interior R(G)O of R(G) under 
the mapping k. From these remarks we obtain the following characterization 
of C*-unique exponential Lie groups: 
THEOREM 4. Let G be an exponential solvable Lie group with Lie 
algebra Y. Then G is C*-unique if and only if the interior R( y*)” of the 
regular part R( 7”) of Y* is dense in Y*. 
EXAMPLE. There are exactly six (series of) exponential Lie groups 
G = exp y with dim y < 5, which are not *-regular: One four-dimensional 
group with Lie algebra ~~,~(0), and five five-dimensional (series of) groups 
with Lie algebras aS, g,(a), y;, G,, y5,4, where a is a real parameter. For 
suitable bases {ej) we have the following relations: 
dim y = 4. 
y4,dO): le,,e,l =e,, [e,,e,] =-e,, le,.ez] =e2: 
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c, : 
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[e,,e,l=e,, le,, e,l = e4, [e,,e,l=-e,, 
[e,,e,l=e,, k,, e,] = -e,; 
[e,,e,l=e,, k,,e,l=-e,, [e,,e,l=e,, 
[e,,e,l =ae,; 
[e,,e,l=e,, [e,,e,l= -e,, [e,,e,l=e,+e,, 
[e,,e,l =e,; 
[e,,e,l=e,, le,,e,l= -e,, [e,,e,l =e3, 
[e,,e,]=e,, [e,,e,l =e,; 
[e,, e,l = e,, [e,,e,l =e4, [e,,e,l=e,, 
Leo, e,l = 2e2, [e,,e,l= --e,. 
Let 9 be one of the Lie algebras gs,g; or ~~(a), where CY # 0. Then it is 
easy to see that allfE y* \R( a*) are trivial on e4. This implies that R(g*)’ 
is dense in y* and G = exp 9 is C*-unique by Theorem 4. 
Let Y=P~,~, and let f‘= a,e,* + a,eT + ..a + ajet. Then S(f) = 
2a,a, - ai is an Ad*-semiinvariant polynomial on a* with nontrivial 
weight. This implies that S is trivial on p*\R(g*), which can be checked 
also by direct computation. But then R(y*)’ is dense in p* and G = exp y is 
C*-unique. Furthermore it is easy to see that the groups associated to 
Y~,~(O), aS(0), and L, are not C*-unique. For if 9 is one of these Lie 
algebras, then there exists e E p such that f(e) # 0 implies f E 9* \R(a*). 
From these considerations we obtain that there are exactly three 
exponential Lie groups G = exp 9 with dim 9 < 5, which are not C*-unique, 
namely a,,,(O), p5(0), and bS. This shows that the class of C*-unique locally 
compact groups is strictly contained in the class of amenable groups, and 
that it contains strictly the class of *-regular groups. 
5. WEAKLY C*-UNIQUE GROUPS 
In Section 4 it was shown that the class of C*-unique locally compact 
groups is strictly contained in the class of amenable groups. Therefore it 
seems interesting to study properties of the set of C*-norms on L l(G), which 
still imply amenability, but which are weaker than the property of C*- 
uniqueness. 
DEFINITION. A C*-norm 11 11 on L’(G) is called natural, if it is invariant 
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under all isometric *-automorphisms of L’(G). G is called weakly C*- 
unique, if I/ I/* is the only natural C*-norm on L’(G). 
Of course every C*-unique locally compact group is weakly C*-unique. In 
[ 151 Wendel has shown that the isometric automorphisms of L’(G) are 
generated by two natural classes of isometric automorphisms, namely those. 
which come from automorphisms of G, and those, which come from unitary 
characters of G. From this it is easy to see that C*-norm Il&(j’)il,,, 
corresponding to the left regular representation is natural. So for weakly C”’ 
unique groups G we obtain liA,;(f)ll,, = jifll* for allfE L’(G). This implies 
that all weakly C*-unique locally compact groups are amenable. 
THEOREM 5. A connected locally compact group G is weakl!, C”-unique 
if and only if G is amenable. 
Proof: Let G be a connected amenable group. Then by Proposition 3 
L = (G, G) has polynomial growth. Let /I il be a natural C*-norm on 
L ‘(G). Then 11 I/ is given by a faithful *-representation R of L’(G). i.e.. 
llfll = llWIlop. Since II II is natural, x @ 71 and TC are weakly equivalent for 
all x E X(G). This implies that 71 is weakly equivalent to ind:’ n,(. . Now ;I, is 
a faithful representation of L’(L). Since L is C*-unique, we obtain that n,, is 
also faithful on C*(L), which means that all irreducible unitary represen 
tations of L are weakly contained in T[,, . But then ind:z,, is weakly 
equivalent to the left regular representation A(, of G. and we obtain li,f‘!l ~7 
/I &,(f)ll~,,, = II Sll:tz . 
Remark. It seems to be an interesting problem, whether every amenable 
group is weakly CQnique. 
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